When a homogeneous elastic continuum is modelled by a non-uniform finite element grid. the differences in the size of adjacent finite elements can cause a spurious wave reflection which does not exist in the continuum. Extending previous studies in which the spurious wave reflection was investigated for the case of two uniform grids with a sudden element size change from one grid to the other, the present study deals with the case when the two uniform grids of different element sizes are separated by a transition zone through which the element size varies gradually, either by a geometric progression or by an arithmetic progression. The solution is carried out in complex variables and numerical plots of the results are given. When the ratio of wavelength to the largest element size is as low as 4: 1, the spurious wave reflection is very significant, while for the ratios over 10: 1 it is insignificant. Inserting a transition zone with gradually varying element size between the two uniform parts of the grid somewhat mitigates the phenomenon of spurious reflection, but this is significant only when the ratio of element sizes in the uniform grids is small (less than about 1· 5: 1). Varying the element size throughout the transition zone in an arithmetic progression seems slightly better than in a geometric progression. The spurious wave reflection is less pronounced for higher-order elements, in particular for linear strain elements as compared to constant strain elements. The spurious reflection is also less severe for consistent mass than for lumped mass.
INTRODUCTION
When an elastic wave passes through a finite element grid and the wavelength is not much larger than the largest element size, spurious wave reflections are caused by changes in the finite element size. Expanding previous studies of wave dispersion due to various types of discretization,1,2 Holmes and Belytschk0 3 and others 4 -8 numerically demonstrated the noise due to changes in element size. In two preceding studies,9.10 generalizing the classical analysis of Brillouin 11 devoted to wave propagation in microscopic crystal lattices, the amplitudes and energy fluxes of the spurious reflected waves were solved analytically for the case of two half-planes each of which is subdivided by a uniform grid while the element size changes suddenly across the interface of the half-planes. Both for constant strain elements 9 and for elements with linear strain distribution,lO it was found that the sudden change in the element size can cause a significant fraction of the energy flux to get reflected from the boundary between finite elements of different sizes.
It will be the purpose of this investigation to study the spurious reflection when the element size is changed gradually over a transition zone of several elements. We will· confine our attention to a homogeneous medium, in which no wave reflections occur. Thus, the reflected waves in the finite element grid are spurious in nature. We will solve the problem both for constant strain finite elements and for finite elements with a linear strain distribution.
We consider a longitudinal elastic wave with a planar wavefront arriving from the left. We assume the grid in the homogeneous medium to be chosen as rectangular, the nodal lines being parallel to the direction of the incident wave. In such a situation we have a translation symmetry parallel to the wavefront, and therefore it suffices to solve a one-dimensional problem with finite elements on one line (Figure 1 ). The constant-strain finite elements have two nodes, and the linear-strain finite elements have three nodes one of which is an interior node. 
CONSTANT -STRAIN FINITE ELEMENTS
Let h j denote the length of the jth finite element, and let its thickness be 1. The mass of the continuum within the element length is phi> where p = mass density of the continuum. We consider that mass mphj is uniformly distributed over the element and the remaining mass (l-m)phj is lumped into the two nodes. Thus the mass of the node is (1-m) 
The nodal forces acting on the jth element may now be expressed as {~J=!;[-~ -~JL~~J+m:hj[~ ~JL~~J (1) where E' == Young's elastic modulus. The equation of motion of node j may then be written as
For the purpose of numerical analysis we consider the second time derivatives, denoted by superimposed double dots, to be replaced by the finite difference expression (2a) in which T = the time step and r = the number of the time step (r = 1, 2, ... ).
We consider that for the node numbers k,;;;; O(k = ... -3, -2, -1) the size of the finite element is uniform and within this region we seek the solution in the form
in which the first term represents the incident (arriving) wave and the second term the spurious reflected wave (if any). Substituting equation (3) into equation (2) 
We further assume that the elements on the right-hand side of the grid, numbered as K == 1, 2, 3, ... , are also uniform although with a different size, H. We will seek the refracted (diffracted) wave passing to the right side of the grid in the form
For the refracted wave velocity we obtain an equation similar to equation (4):
in which
Between the two uniform parts of the grid extending to the infinity at left and right we consider a finite number of transition elements the size of which gradually varies. We number them as j = 1, 2, ... , i. We seek the solution for these elements in the form
Here the amplitudes at the transition nodes, A j , are complex numbers. The number of transition nodes is i and the number of transition elements is i + 1. Writing the equation of motion for the nodes k = 0, j = 1,2, ... ,i, and K = 0, we conclude that wv = 0 V = WjVj (for j = 1, 2, ... , i) (8) For k = ° we further obtain
and finally for K = 0:
where p = e iwh and P = e iOH • Using equations (4), (6) and (8), we obtain for the transmitted wave the relation (10) The energy flux to the right is given by the expression PI' = Re (Fj) Re (Uj), which yields
Denoting the energy fluxes of the incident, reflected and refracted wave as Pl'b PI' A, Pl'v, we obtain for the time-average energy fluxes in the uniform parts of the finite element grid the following expressions:
in which A = ar + iai and D = d r + id i . Consideration of energy conservation requires that
This relation serves as a check of the numerical calculations.
FINITE ELEMENTS WITH LINEAR STRAIN DISTRIBUTION
Denoting again as m the portion of mass which is uniformly distributed throughout the finite element, the additional lumped mass in the centre node of the jth element is p (1-m )hi2 and the additional lumped mass in the node between elements j-l and j is p(l-m)x (hj-1 +hN4 (Figure 1 ). The nodal forces acting on the jth 3-node element may now be expressed as
The equation of motion for the interelement node j is
and the equation of motion for the interior node of element j is
We seek the incident and reflected waves within the left uniform part of the grid (k = ... , -3, -2, -1) in the form
where Uk is the displacement of the interelement node and Vk is the displacement of the interior node of the element. Substituting equation (19) into equation (2) 
The two relations in equation (20) yield the following relation for the wave velocity b:
This can be also expressed as Substituting this into the equations of motion for the element boundary nodes and the interior nodes, we find that
for the interior nodes j = 1, 2, ... , i-I: where p = e iwh and P = ei~H.
Using equations (22), (28) and (30), we obtain for the transmitted wave:
in which 2h2 2 2 it =14_SW v H (4m+l-m) 
NUMERICAL RESULTS
The deviation of the wave speed in the grid, v, from the wave speed, Vo, in the continuum the grid is supposed to represent is illustrated in Figures 2(a) and 2(b). We see that the higher order three-node elements can represent the wave speed more accurately even at short wavelength t. We may also note that the closest representation of the wave speed at short wavelengths is obtained for mass distribution parameter m = o·s for both types of finite elements. These results were obtained from equation (4) . The wave velocity of the refracted wave in the grid, V, is plotted in Figures 3(a) and 3(b) . We see again considerable differences between the two-node and three-node elements. These results are obtained from equation (6) Of most interest to the computer analyst are the amplitude and the energy flux of the spurious reflected wave which would not occur in a continuum. They are shown in Figures  7-9 . In Figure 7 , each curve is labelled by a number and a letter; the number indicates the number of the transition nodes between the uniform grids, while the letter G denotes a geometric progression for the variation of element size through the transition zone, and the letter A denotes an arithmetric progression. The curves labelled by 0 refer to the case of no transition zone, i.e. the case of a sudden change of element size from h to H, as considered in the previous works.
9 ,lo These curves are plotted for a relatively short wavelength, equal to We also see from these figures that by distributing the change in element size over several transition elements we mitigate the phenomenon of spurious wave reflection, but only to a limited extent. The mitigating effect is pronounced only if the difference in the sizes of the elements in the uniform grid is not too large; otherwise not even a large number of transition elements would help. 
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Comparing the two-node and three-node elements, the latter ones are seen to give less spurious wave reflections, but the difference is not very significant. Finally, we may also note that variation of the element size in an arithmetic progression is somewhat more advantageous than in a geometric progression, but the difference is insignificant.
PRINCIPAL CONCLUSIONS
1. When the wavelength is four times the larger element size, the phenomenon of spurious wave reflection is very significant, while when it is 10-times that size it is unimportant.
2. Increasing the number of transition elements between the small size and the large size elements of the uniform grids mitigates the phenomenon of spurious wave reflection, but only to a limited extent. The mitigation is significant when the difference between the element sizes in the uniform grids is not very large, but becomes insignificant when the difference exceeds 50 per cent.
3. Varying the element size through the transition region between the uniform grids by an arithmetic progression is somewhat better than by a geometric progression, but the difference is unimportant.
4. For consistent mass the phenomenon of spurious wave reflection is less severe than for lumped mass.
5. The spurious wave reflection is less significant for three-node elements (linear strain) than for two-node elements (constant strain). However, the difference is not large.
6. Finally, in similarity to a previous conclusion,9 we may observe that to eliminate the spurious wave reflection the wavelengths which are less than about la-times the size of the largest element must be filtered out. This can be done in the input, but alternatively this can also be carried out in the output. 3 
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